The Euclidean dimension of the join of two cycles  by Gervacio, Severino V. & Jos, Isagani B.
Discrete Mathematics 308 (2008) 5722–5726
www.elsevier.com/locate/disc
The Euclidean dimension of the join of two cycles
Severino V. Gervacio∗, Isagani B. Jos
Department of Mathematics, De La Salle University, 2401 Taft Avenue, 1004 Manila, Philippines
Received 9 January 2007; received in revised form 18 October 2007; accepted 25 October 2007
Available online 3 December 2007
Abstract
The Euclidean dimension of a graph G is the smallest integer p such that the vertices of G can be represented by points in
the Euclidean space R p with two points being 1 unit distance apart if and only if they represent adjacent vertices. We show that
dim(Cm + Cn) = 5 except that dim(C4 + C4) = 4, dim(C5 + C5) = 4, and dim(C6 + C6) = 6.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only finite graphs without loops and multiple edges. Let G be a graph and suppose that the vertices
of G can be represented by distinct points in some Euclidean space R p such that two points are 1 unit distance apart
if and only if they represent adjacent vertices. We shall call such a representation a unit-distance representation of G
in R p. If p is the smallest integer for which G has a unit-distance representation, then we say that G has (Euclidean)
dimension p. We denote by dimG the dimension of G. Clearly, the dimension of the cycle Cn is 2 for n ≥ 3. We shall
show that 4 ≤ dim(Cm + Cn) ≤ 6 and determine for which values of m and n the dimension is 4, or 5, or 6.
We state here a result of Maehara [1] in a form that will be useful to us.
Theorem 1 (Maehara). Let n1 ≥ n2 ≥ · · · ≥ nk be integers where n = ∑ki=1 ni ≥ 3 and let G be the complete
k-partite graph K (n1, n2, . . . , nk). Let α = |{i | ni = 2}|, β = |{i | ni > 2}|, and r =∑ni>2 ni . Then
dimG =
n − 2 if α = 1, β = 0,n − r + 1 if α = 0, β = 1,n − r − α + 2β if α + β ≥ 2.
As an example, consider the complete bipartite graph Km,n . If m, n ≥ 3, we have α = 0, β = 2, and r = m + n.
Hence, dim Km,n = (m + n)− (m + n)+ 2(2) = 4.
We are very grateful to Konrad Swanepoel for bringing to our attention the following result of van Wamelen [2].
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Lemma 2 (van Wamelen). The only solutions to the equation
1
sin2(ppi)
+ 1
sin2(qpi)
= 4, with p, q ∈ Q ∩
[
0,
1
2
]
, andp ≤ q
are
p = 1
4
and q = 1
4
,
and
p = 1
5
and q = 2
5
.
2. Preliminary results
An n-sphere in Rn of radius r and center at p0 is the set of all points p = (x1, x2, . . . , xn) satisfying
(p − p0) · (p − p0) = r2. A 3-sphere is also called a sphere and a 2-sphere is also called a circle. It is useful to
note that an n-sphere can be embedded in Rm where m > n. Two ways in which this can be done are changing all
points p = (x1, x2, . . . , xn) ∈ Rn to
p∗ = (p,
m−n︷ ︸︸ ︷
0, 0, . . . , 0) = (x1, x2, . . . , xn, 0, 0, . . . , 0),
and changing all points p ∈ Rn to
∗ p = (
m−n︷ ︸︸ ︷
0, 0, . . . , 0, p) = (0, 0, . . . , 0, x1, x2, . . . , xn).
Lemma 3. Let r1 and r2 be positive real numbers with r21 + r22 = 1. Let S1 be a k-sphere with radius r1 having center
at the origin; let S2 be an `-sphere with radius r2 having center at the origin. If G has a unit-distance representation
in Rk with its vertices represented by points in S1 and H has a unit-distance representation in R` with its vertices
represented by points in S2, then G + H has a unit-distance representation in Rk+`.
Proof. We embed Rk in Rk+` such that each p ∈ Rk is changed to p∗ = (p, 0, 0, . . . , 0). Similarly, we embed R` in
Rk+` such that each point q ∈ R` is changed to ∗q = (0, 0, . . . , 0, q). It is easily verified that the points p∗i and ∗q j
form a unit-distance representation of G + H in Rk+`. 
Lemma 4. Let n, k be positive integers with k < n2 . Let G be the graph with n ≥ 3 vertices labeled 1, 2, . . . , n. Let the
edges of G be [i, i + k], i = 1, 2, . . . , n, where the vertex labels are taken modulo n. Then G is the graph consisting
of d disjoint cycles of length nd where d = gcd(n, k).
Proof. Let d = gcd(n, k) and for each i = 1, 2, . . . , d let Si = {i + jk | 0 ≤ j < nd }. Si consists of distinct vertices
for if i + jk ≡ i + j ′k(mod n) then jk ≡ j ′k(mod n), which is equivalent to j ≡ j ′(mod nd ). This is possible only
if j = j ′. Thus Si consists of nd distinct vertices. By definition of the edges of G, Si induces a cycle of length nd .
Suppose that i + jk ∈ Si is equal to a vertex i ′ + j ′k ∈ Si ′ . Then i + jk ≡ i ′ + j ′k(mod n), or ( j − j ′)k ≡
(i ′ − i)(mod n). This is implies that d divides (i ′ − i). But |i ′ − i | < d. Hence, i = i ′ and consequently,
jk ≡ j ′k(mod n). This implies that j ≡ j ′(mod nd ). But | j − j ′| < nd . Hence, j = j ′. 
Corollary 5. The cycle Cn has a unit-distance representation in R2 such that its vertices are represented by points
evenly distributed on the circumference of a circle C. Furthermore, if a and b are two points on the circle representing
adjacent vertices, and k − 1 is the number of points on the minor circular arc âb representing vertices of Cn between
a and b, then gcd(n, k) = 1.
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Proof. Let C be a circle of radius r and distribute n points evenly on its circumference. Going in the positive
(counterclockwise) direction, let these points be p1, p2, . . . pn . Let us form a graph with [p1, p1+k] as one edge.
We may choose r such that the distance between p1 and p1+k is 1. Then ‖pi − p j‖ = 1 if and only if | j − i | = k.
Consider the graph on n vertices represented by the n points on the circle where the edges are [pi , pi+k]. Then all
edges are 1 unit long since the points pi since the n points are evenly distributed on the circumference of C . By
Lemma 4, gcd(n, k) = 1. 
Lemma 6. Let S be a sphere of radius 1√
3
< r < 1. Then every cycle Cn has a unit-distance representation in R3
with its vertices represented by points in S.
Proof. Let S be a sphere with radius r > 1√
3
. If n = 3, we take a circle in S having radius 1√
3
. Clearly, there exist
three points in C which are mutually 1 unit distance apart. Let n ≥ 4. Let C be a circle in S of radius r ′ where
1√
3
< r ′ < 1. Let θ(r ′) be the angle subtended by a unit chord in C at the center of S. Since θ(r ′) is a continuous
function of r ′, then we can select r ′ such that θ is not a rational multiple of 2pi . Then we can find a unit-distance
representation of Pn−1 in R3 with its vertices represented by points in C . Let a and b be the points representing the
end vertices of Pn−1. Then ‖a − b‖ < 2. This implies that there are two points p and q in S at a distance 1 from each
of a, b. We cannot have both p and q in C for this would mean that θ = 12pi which contradicts the choice of θ . If p
is not in C , then the point p together with the points representing the vertices of Pn−1 form a desired unit-distance
representation of Cn . 
Lemma 7. Let n ≥ 3. If two unit n-spheres intersect in an (n − 1)-sphere then no other unit n-sphere contains their
intersection.
Proof. Without loss of generality, consider the (n − 1)-sphere S0:
x21 + x22 + · · · x2n−1 = r2, xn = 0.
Let S be a unit n-sphere which contains S0 and let c = (c1, c2, . . . , cn) be its center. For 1 ≤ i < n, let pi be
the point in Rn with coordinates all equal to 0 except the r th coordinate which is r . Since pi ∈ S0, then pi ∈ S
and so (pi − c) · (pi − c) = 1. This implies that pi · pi − 2pi · c + c · c = 1. Now, −pi ∈ S0 also and hence
(−pi − c) · (−pi − c) = 1 which implies that pi · pi + 2pi · c + c · c = 1. It follows that pi · c = 0, or rci = 0.
Hence, ci = 0 for i = 1, 2, . . . , n− 1. Thus the center of any unit sphere containing S0 must be c = (0, 0, . . . , 0, cn).
Consider (p1 − c) · (p1 − c) = 1. This gives us r2 + c2n = 1 or cn = ±
√
1− r2. Hence, there are exactly two distinct
unit n-spheres containing S0. 
Lemma 8. Let dim(Cm + Cn) = d. Then there exists a unit-distance representation of Cm + Cn in Rd such that the
points representing the vertices of Cm lie in some k-sphere of radius r1 and center at 0; the points representing the
vertices of Cn lie in some `-sphere of radius r2 and center at 0; r21 + r22 = 1 and k + ` = d.
Proof. Let pi ∈ Rd , i = 1, 2, . . . ,m, be the points representing the vertices of Cm and let qi ∈ Rd , i = 1, 2, . . . , n,
be the points representing the vertices of Cn . Let Si be the unit d-sphere with center at pi . Then Si contains all the
points q j . Let A =⋂mi=1 Si . Then A is a k-sphere for some k ≤ d−2. To see this, note that S1∩ S2 is a (d−1)-sphere
since S1 and S2 are distinct and their intersection contains n ≥ 3 points. Similarly, S1 ∩ S3 is a (d − 1)-sphere. We
cannot have S1 ∩ S2 = S1 ∩ S3 for this would imply three distinct d-spheres containing a (d − 1)-sphere. Hence
k ≤ d − 2.
By translation, we may assume that 0 is the center of A. Similarly, if Ti is the unit d-sphere with center at qi ,
then Ti contains all the points p j . Let B ′ = ⋂ni=1 Ti . Then B ′ is an `′-sphere for some `′ ≤ d − 2. Let r1 be the
radius of A. Without loss of generality, assume that each q ∈ A has all of its last d − k coordinates equal to 0.
Now (pi − q j ) · (pi − q j ) = 1 implies that pi · pi − 2pi · q j + q j · q j = 1. Since Si contains all the q j s, then
pi is equidistant from each point in A. And since −qi is also in A, then (pi + q j ) · (pi + q j ) = 1 which gives us
pi · pi = 2pi · q j + q j · q j = 1. It follows that pi · q j = 0 for all i, j . More generally, pi · q = 0 for all q ∈ A. Let
q = (r1, 0, 0, . . . , 0), which is in A. Then pi · q = 0 implies that the first coordinate of pi is 0.
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Fig. 1. Unit-distance representations of C5 in the plane.
By a similar argument, the first k coordinates of pi are all 0. Let B be the (d−k)-sphere containing all points in Rd
with the first k coordinates equal to 0, with radius r2 =
√
1− r21 and center at the origin. Then for each i , pi · pi = r22
and so pi ∈ B. Let ` = d − k. Then the spheres A and B satisfy the conclusion of the lemma. 
Lemma 9. Let Cn be a cycle. Then there exists a unit-distance representation of Cn in R2 with its vertices lying in
some circle of radius r . Moreover, r can be chosen so that 12 < r ≤ 1√2 if and only if n 6= 6.
Proof. If n = 3, we can only have a unit-distance representation of C3 in R2 with its vertices lying in a circle of radius
1√
3
> 12 .
If n = 4, we can only have a unit-distance representation of C4 in R2 with its vertices lying in a circle of radius
1√
2
> 12 .
If n = 5, there are exactly two representations which are shown in Fig. 1.
Thus, for 3 ≤ n ≤ 5, there is a radius greater than 12 which does not exceed 1√2 .
If n > 6, we choose an integer k as follows: If n is even, let n = 2tm where m is odd. Take k = 2t−1m+ 1 if t > 1
and k = m + 2 if t = 1. Then gcd(n, k) = 1. If n = 2t + 1 is odd, take k = t + 1. Again, gcd(2t + 1, t + 1) = 1.
Moreover, k > 1 in both cases. Let C be a circle with radius r , to be determined later. Place n points evenly on the
circumference of the circle and label them (going in the positive direction) 1, 2, . . . , n. Connect i to i + k(mod n).
Since gcd(n, k) = 1, a cycle will be formed according to Lemma 4. Let the length of the line segment joining i and
i + k be equal to 1. Then the radius r of the circle is
r = 1
2 sin pikn
.
By choice of k, 34 ≥ kn > 12 . Hence 12 < r ≤ 1√2 .
If n = 6, the only unit-distance representation of C6 with vertices represented by points in a cycle of radius r is
that in which the points representing its vertices are vertices of a regular hexagon. The radius of the corresponding
circle is 1. 
3. Main result
We first give bounds for the dimension of the join of two cycles.
Theorem 10. For m, n ≥ 3, 4 ≤ dim(Cm + Cn) ≤ 6.
Proof. Since Cm + Cn contains the subgraph K3,3. Then dim(Cm + Cn) ≥ dim K3,3 = 4. By Lemma 6, Cm has
a unit-distance representation in a sphere of any radius r1 > 1√3 . Choose a sphere with radius
3
5 . Similarly, Cn has
a unit-distance representation in a sphere of radius r2 = 45 . Since r21 + r22 = 1, then Cm + Cn has a unit-distance
representation in R6 by Lemma 3. 
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Theorem 11.
dim(C4 + C4) = 4 (1)
dim(C5 + C5) = 4 (2)
dim(C6 + C6) = 6. (3)
Proof. To prove (1), observe that C4+C4 is the complete multipartite graph K (2, 2, 2, 2). By Theorem 1, since n = 8,
α = 4, β = 0, and r = 0 then dim(C4 + C4) = 8− 0− 4+ 0 = 4.
To prove (2) we only need to find unit-distance representations of C5 in R2 with vertices lying in circles of
appropriate radii. These representations are given in the proof of Lemma 9.
To prove (3), assume that dim(C6 + C6) = d ≤ 5. By Lemma 8, there exists a unit-distance representation of
Cm + Cn in Rd such that the points representing the vertices of Cm lie in some k-sphere of radius r1 and center at 0;
the points representing the vertices of Cn lie in some `-sphere of radius r2 and center at 0; r21 + r22 = 1 and k+ ` = d.
Since k + ` = d ≤ 5, then we may assume that k ≤ 2. Since dimC6 = 2, then k = 2. Therefore we have a unit-
distance representation of C6 in Rd with its vertices represented by points in a circle with radius r1. But the only way
C6 may be so represented is as a regular hexagon and thus, r1 = 1. This contradicts r21 + r22 = 1 because r2 > 0. 
Theorem 12. If (m, n) 6∈ {(4, 4), (5, 5), (6, 6)}, then dim(Cm + Cn) = 5.
Proof. Suppose dim(Cm +Cn) = 4. Then by Lemma 8, there is a unit-distance representation of Cm +Cn in R4 such
that the vertices in Cm are represented by points in a circle C1 and the vertices of Cn are also represented by points
in a circle C2. Furthermore, if r1 and r2 are the radii of these circles, then r21 + r22 = 1. Let θi be the central angle
subtended by a unit chord of Ci . Then θi is a rational multiple of 2pi . If a and b are points in C1 representing adjacent
vertices in Cm and k − 1 is the number of points between a and b representing vertices in C1, then gcd(k,m) = 1.
Furthermore, r1 = 12 sin pikm . Similarly, there exists a positive integer t such that r2 =
1
2 sin pi tn
. Since r21 + r22 = 1, then
1
sin2 pikm
+ 1
sin2 pi tn
= 4.
By Lemma 2, the only solutions to this equation are
k
m
= 1
4
,
t
n
= 1
4
k
m
= 1
5
,
t
n
= 2
5
k
m
= 2
5
,
t
n
= 1
5
.
Since gcd(m, k) = gcd(n, t) = 1, then in the first case, m = n = 4, which is a contradiction. In the second
case or third case, m = n = 5, which is a contradiction. Therefore, dim(Cm + Cn) ≥ 5. We shall show also that
dim(Cm + Cn) ≤ 5. We may assume that m 6= 6. By Lemma 9, The vertices of Cm may be represented by points in
some circle of radius r1, 12 < r1 ≤ 1√2 . By Lemma 3, the vertices of Cn may be represented by points in some sphere
of radius r2 =
√
1− r21 > 12 . Thus, dim(Cm + Cn) ≤ 5. 
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